ABSTRACT. Given a topological space X, Jenkins and McKnight have shown how ideals of the ring C(X) are partitioned into equivalence classes -called coherence classes -defined by declaring ideals to be equivalent if their pure parts are identical. In this paper we consider a similar partitioning of the lattice of ideals of a normal bounded distributive lattice. We then apply results obtained herein to augment some of those of Jenkins and McKnight. In particular, for Tychonoff spaces, new results include the following:
Introduction
The equivalence relation that Jenkins and McKnight [10] use to define coherence classes is defined by declaring ideals of C(X) to be equivalent if their pure parts are identical. The reader will recall that the pure part of an ideal I of a (commutative) ring is the ideal mI = {a ∈ I | a = ab for some b ∈ I}.
In this paper we consider a similar partitioning of the lattice of ideals of a normal bounded distributive lattice. The pure part of an ideal of a ring will be played by what we call the regular part of an ideal of a given lattice. We will then decree two ideals to be equivalent if they have identical regular parts.
Background
Throughout this article, A denotes a bounded distributive lattice. We denote the top element and the bottom element of A by 1 and 0 respectively. If every countable subset of A has a join, and the binary meet distributes over all countable joins, then A is said to be a σ-frame.
A distributive lattice is said to be normal if whenever a ∨ b = 1 there exist u, v such that u ∧ v = 0 and a ∨ u = 1 = b ∨ v. An element a of A is said to be rather below an element b, written a ≺ b, in case there is an element s (called a separating element) such that a ∧ s = 0 and s ∨ b = 1. It is not difficult to show that if A is normal and a ∨ b = 1, then there exist u ≺ a and v ≺ b such that u ∨ v = 1. We remark that a ≺ b implies a ≤ b. Also, a ≺ a if and only if a is a complemented element.
In a normal lattice the rather below relation interpolates, meaning that whenever a ≺ b, there is an element c such that a ≺ c ≺ b. An ideal I of A is regular if for every a ∈ I there exists b ∈ I such that a ≺ b. If A is a σ-frame, then A is said to be regular if for every a ∈ A there are countably many elements a n in A such that a n ≺ a for each n and a = a n . Every regular σ-frame is normal ([4: Corollary 2] ). See [4] for more information about σ-frames.
We shall on occasion need to talk about frames. Our references for frames are [11] and [12] . The frame of ideals of A is denoted by JA. It is a compact frame. Whenever we write JA I α , for a collection {I α } of ideals of A, the join will be contemplated in the frame JA.
For the few instances where we shall need to mention rings of real-valued continuous functions on a frame, our reference will be [2] .
Coherence classes
Throughout the paper, A denotes a normal bounded distributive lattice, which we assume to be nontrivial in the sense that 0 = 1. There are instances where we shall impose the condition that A be a regular σ-frame. For any a ∈ A, we set r(a) = {x ∈ A | x ≺ a}. Clearly, r(a) is a regular ideal of A. As mentioned above, we replace the pure part of a ring ideal with the regular part of a lattice ideal, which we now define.
Ò Ø ÓÒ 3.1º Let I be an ideal of A. The regular part of I, denoted I, is the ideal defined by I = {a ∈ A | a ≺ b for some b ∈ I}.
Observe that I is an ideal of A such that:
I is a regular ideal, (3) I is a regular ideal if and only if I = I, and (4) ( I) = I. We define an equivalence relation on JA by defining two ideals to be equivalent if they have identical pure parts. We leave it to the reader to check that this is indeed an equivalence relation. With respect to this relation an equivalence class will be called a coherence class; following the terminology in [10] .
In analogy with lattice-ordered groups, if I is an ideal of A, we define the polar of I to be the ideal
Observe that I ⊥ is actually the pseudocomplement of I in the frame JA. For any a ∈ A, we abbreviate (↓a) ⊥ as a ⊥ . In the lemma that follows we denote the top of the frame JA by , and all joins involving ideals of A are calculated in JA. showing that a ∈ I, so thatĪ ⊆ I. ThereforeĪ = I. 
Ä ÑÑ
showing that M( I) ⊆ M(I), and hence equality.
Each of these results accords with its C(X) counterpart [10] . We are now ready to define the equivalence relation that will produce the coherence classes.
Ò Ø ÓÒ 3.3º Let ≡ be the relation on JA defined by
This is an equivalence relation on JA, and, by the last corollary,
For any I ∈ JA we denote the equivalence class containing I by I . As mentioned above, we call the resulting equivalence classes coherence classes. We reflect on the nature of coherence classes, and identify the smallest and largest (relative to set inclusion) members within each class.
ÈÖÓÔÓ× Ø ÓÒ 3.1º (cf. [10: Theorem 3.4]) For any ideal I of A,
Since, as a map JA → JA, is increasing and idempotent, applying it to this series of containments, and keeping in mind Lemma 3.3, we obtain
whence we deduce that J = I, so that J ∈ I . This establishes the containment ⊇ in the claimed equality. On the other hand, let J ∈ I . Then
So, by Lemma 3.2, a ∈Ī, and hence J ⊆Ī.
This proposition tells us, among other things, that, for any ideal I of A, I is the smallest member of the coherence class I , andĪ the largest member, so that I is bounded. If N and M are maximal ideals and N ∈ M , then N ⊆ M = M , and hence N = M , by maximality. It follows therefore that two distinct maximal ideals cannot be in the same coherence class. We record these facts (and others) in the following corollary. We shall prove only (4), (5) and (6) as the other assertions are clear from the discussion above. In the proof of (6) we shall need to refer to function rings RL and the cozero map coz : RL → L (see [2] for details). We shall also recall from [5] that HA denotes the frame of σ-ideals of A, that is, the ideals which are closed under countable joins.
ÓÖÓÐÐ ÖÝ 3.1.1º (1) An ideal is alone in its coherence class if and only if it is regular and is an intersection of maximal ideals.
(2) Every coherence class contains at most one maximal ideal.
(3) A maximal ideal is alone in its coherence class if and only if it is regular. (4) If A is regular, then the zero ideal is alone in its coherence class. (5) Any prime ideal is in the same coherence class as every proper ideal containing it. (6) If I is a regular prime ideal, then I consists precisely of all ideals containing I. Furthermore, if
A is a regular σ-frame, then I is a (bounded ) chain.
P r o o f. (4) Assume
A is regular, and let a ∈ {0}. Then, by Lemma 3.2, r(a) ⊆ {0} = {0}. This implies that if x ≺ a, then x = 0. Since, by regularity, a is a join of countably elements rather below it, it follows that a = 0, and hence {0} = {0}.
(5) Let I and J be proper ideals of A with I prime and I ⊆ J. We aim to
∈ J, and hence s / ∈ I. Since I is prime and a ∧ s = 0, a ∈ I. Therefore J ⊆ I, which implies J ⊆ I, as is idempotent, and hence the desired equality because the reverse inclusion holds since I ⊆ J.
(6) Let I be a regular prime ideal. If J is an ideal of A containing I, then J is in I , by (5); and if K ∈ I , then I = I = K ⊆ K. This shows that I consists precisely of all ideals containing I. Now assume A is a regular σ-frame. To show that I is a chain, note first that, since I is prime, if J is an ideal of A containing I, then J is also prime by [8 [W ] , which easily implies V ⊆ W . Since A ∼ = Coz(HA) as σ-frames, it follows that prime ideals of A containing a given prime ideal form a chain. Therefore I is a chain.
Remark 1º
(a) In (4) regularity cannot be relaxed. The referee has kindly pointed out that in the normal bounded distributive lattice [0, 1] with its usual order, M = [0, 1) is the only maximal ideal, and hence {0} = M , so that the zero ideal is not alone in its coherence class.
(b) From (5) we can deduce that every prime ideal of a normal bounded distributive lattice is contained in a unique maximal ideal. This of course follows from the more general result Note that Cornish [6] says "normal" where we have used "co-normal". The lattice of cozero sets of an F -space (see [9] ) is co-normal. By the results in [6] , it is easy to establish that a prime ideal P of B is minimal prime if and only if for every x ∈ P , there exists y / ∈ P such that x ∧ y = 0. Now, a prime ideal of a co-normal regular σ-frame is minimal prime if and only if it is regular. The "only if" part has been observed. For the "if" part, suppose I is minimal prime, and let a ∈ I. For a prime ideal I of A, the bottom and top of I are rather special in the sense that the former is actually a maximal regular ideal, and the latter has an "internal" description in terms of I. More precisely, we have the following.
ÈÖÓÔÓ× Ø ÓÒ 3.2º Let I be a prime ideal of A. Then:
(1) I is a maximal regular ideal of A. By normality again, there are elements w, z ∈ A such that
Thus, The first result in Corollary 3.1.1 raises the question as to when every ideal is alone in its coherence class. Note that if A is a Boolean algebra, then a ≺ a for each a ∈ A, and hence every ideal of A of regular. Further, for any ideal I of A, if A is a Boolean algebra, we have I =Ī since I = I. Thus I is alone in its coherence class. Conversely, if every ideal of A is alone in its coherence class, then, for any a ∈ A, the principal ideal ↓a generated by a is alone, and hence is regular. But this clearly implies a ≺ a, so that a has a complement in A, and hence A is a Boolean algebra. We have thus shown that:
ÓÖÓÐÐ ÖÝ 3.2.1º Every ideal of A is alone in its coherence class if and only if A is a Boolean algebra.
With an eye toward applications to C(X) concerning the location of annihilator ideals in coherence classes, we now turn to polars. 
, r(a) ⊆ I.
Since A is regular, we can find a sequence (a n ) in A such that a n ≺ a for each n, and a = a n . Therefore each a n is in J, and hence c ∧ a = c ∧ a n = (c ∧ a n ) = 0.
This shows that c ∈ (Ī)
⊥ , which proves the desired inclusion.
The upcoming result tells us about the location of polars within coherence classes. In the event that A = Coz L, for some completely regular frame L, then we can give an explicit description of polars. Let us use the following notation.
Now, given an ideal I of A, put a = I. We show that I ⊥ = a * . Indeed, for any c ∈ Coz L, we have
On the other hand, for any a ∈ Coz L we clearly have a * = a ⊥ . Therefore polars in Coz L are precisely the ideals a * , for a ∈ L.
ÈÖÓÔÓ× Ø ÓÒ 3.4º Let A be a regular σ-frame. Then we have the following. (1) If I and I ⊥ were in the same coherence class, we would have I ⊥ = I ⊥⊥ , by Proposition 3.3, which would imply I is the zero ideal. But the zero ideal is alone in its coherence class and its polar is A = {0} since our lattices are nontrivial.
(2) Let I and J be polars in the same coherence class. By Proposition 3.3, I ⊥ = J ⊥ , and hence
(3) Let L be any non-Boolean completely regular frame, and consider the regular σ-frame Coz L. Since L is not Boolean, there exists a ∈ L such that a = a * * . A simple calculation shows that a = r(a). We claim that the coherence class a contains no polar. If it did, the polar in question would be b * , for some b ∈ L, and we would have
implying a = b * , by complete regularity, and hence a = a * * , yielding a contradiction.
(4) Since J ⊆ J ⊥⊥ for each ideal J, it follows from Corollary 3.1.1(5) that if a coherence class contains no polar, then it contains no prime ideal.
Concerning the third statement in the foregoing proposition, we have that, in fact, if every coherence class of Coz L contains a polar, then L is Boolean. For, given any a ∈ L, the coherence class a contains a polar, so that, as observed above, a = a * * , implying L is Boolean. The converse fails, as witnessed by the following example.
Note that JL is not Boolean, otherwise, being isomorphic to the topology of some compact Hausdorff space, it would be finite -which it is not. So there is an ideal I in JL which is not a pseudocomplement. But pseudocomplements in JL are precisely the polars. By Corollary 3.2.1, I is alone in I , so that this coherence class contains no polar.
This example raises the following question: Which Boolean σ-frames have the property that every coherence class contains a polar? We show that it is precisely the finite Boolean algebras. Suppose, first, that A is a finite Boolean algebra, and consider any ideal I of A. Put a = I, and observe that a ∈ I (as I is finite), and hence I = ↓a. But now, by a simple calculation, I ⊥⊥ = ↓a * * = ↓a = I. Therefore every coherence class contains a polar. On the other hand, if every coherence class of a Boolean σ-frame A contains a polar, then, in fact, every ideal of A is a polar since each coherence class in this case is a singleton. Since polars of ideals of A are just the pseudocomplements in the frame JA, it follows that this frame is Boolean. Because it is compact, the same argument as in the example shows that JA is finite, and hence A is finite. I thank the referee for raising this question.
Applications to C(X)
In this section we apply the results above to augment [10] , especially with respect to annihilator ideals. Throughout, X is a nonempty Tychonoff space, and OX denotes its frame of open sets. We refer to [9] for properties of the ring C(X). We will use lower case Greek letters to denote elements of this ring, and for any α ∈ C(X), coz α denotes the cozero-set of α, that is,
It will be efficient to view the lattice of cozero-sets of X as the cozero part, Coz(OX), of the frame OX, and hence write, for instance, coz α ∧ coz β instead of coz(α) ∩ coz(β). We shall freely use properties of the cozero map from the theory of frames (see [2] ). The lattice of ideals of C(X) will be denoted by Id(C(X)). Now, for any Tychonoff space X, we have the lattices Coz(OX) and Id(C(X)). The former is always a normal distributive lattice, whilst the latter is not necessarily distributive. Indeed, the reader will recall that a ring is said to be arithmetical in case the lattice of its ideals is distributive. Jenkins and McKnight define coherence classes in the lattice Id(C(X)); so in order to avoid possible confusion, in this section we will call coherence classes in Coz(OX) lattice coherence classes and reserve the unqualified moniker for ideals of C(X).
For any Q ∈ Id(C(X)) and I ∈ J(Coz(OX)) we write
From Chapter 2 of [9] we have:
• coz
• Q is a z-ideal if and only if
Although not explicitly stated in [10] , it follows from results therein that ideals of C(X) are in the same coherence class if and only if they are contained in exactly the same maximal ideals. We aim to show that counterparts of Propositions 3.3 and 3.4 hold for coherence classes of ideals in C(X). We start by establishing some preliminary lemmas. P r o o f. If every ideal of C(X) is alone in its coherence class, then every ideal is a z-ideal because an ideal and its z-envelope are in the same coherence class. Therefore X is a P -space. Conversely, suppose X is P -space. Let P and Q be ideals of C(X) in the same coherence class. Then coz[P ] and coz [Q] are in the same lattice coherence class of J(Coz(OX)). Since Coz(OX) is a Boolean algebra, it follows from Corollary 3.2.1 that coz[P ] = coz [Q] . Since P and Q are z-ideals, as X is a P -space, we have
Ä ÑÑ 4.1º Let P and Q be ideals of C(X)
which shows that every ideal of C(X) is alone in its coherence class.
